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Vhi %Vhi %Vhi %Vhi %Vhi % [k.M ̂v* esa nl vfry?kwŸkjh iz'u gSa] ftUgsa gy djuk vfuok;Z gSA [k.M
^c* esa y?kwŸkjh ç'u ,oa [k.M ̂ l* esa nh?kZ mŸkjh ç'u gSaA [k.M ̂ v* dks
lcls igys gy djsaA

Note : Section 'A', containing 10 very short-answer-type questions, is compulsory.

Section 'B' consists of short-answer-type questions and Section 'C'

consists of long-answer-type questions. Section 'A' has to be solved first.

Section - 'A'

fuEukafdr vfry?kwŸkjh ç'uksa ds mŸkj ,d ;k nks okD;ksa esa nsaA
Answer the following very short-answer-type questions in one or two

sentences.        (1x10=10)

ç'u 1- ;fn G  ,d vukcsyh lewg gS rks crkb;s fd izfrfp=.k 

:f G G→

 tks fd

( ) 1,f x x x G
−= ∀ ∈

 ls fn;k x;k gS ,d Lokdkfjrk gksxk@Lokdkfjrk

ugha gksxk A

Let G be a non-abelian group. Then the mapping 

:f G G→

given by

( ) 1
,f x x x G

−= ∀ ∈

 is an automorphism / not an automorphism.

ç'u 2- lewg 

G

 ds dsUnz dks ifjHkkf"kr dhft,A
Define Centre of a group G.

ç'u 3- oy; lekdkfjrk ds duZy dks ifjHkkf"kr dhft,A
Define Kernel of Ring Homomorphism.

ç'u 5- vkUrjxq.ku lef"V 

( )V F

 esa] fl) dhft, fd dksbZ nks lfn'k 

α

 vkSj 

β

ds fy, 

( ),α β α β≤

.

In an inner product space ( )V F , prove that for any two vectors

α

 and 

β

is   

( ),α β α β≤

.

OR

;fn { }1 2, , , nB α α α= − −−  ,d vkUrj xq.ku lef"V V  esa ,d ifjfer

izlkekU; yfEcd leqPp; gS vkSj ;fn 

Vβ ∈

] rks fl) dhft, %

If 

{ }1 2, , , nB α α α= − −−

is any finite orthonormal set in an inner product

space V and if Vβ ∈ , then prove that :

( )
1

2 2
,

i

m

iβ α β
=

≤∑

---x---
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ç'u 4- ( ) ( ).f x g x  iw.kkZdh; oy; ij Kkr dhft, tgk¡ %

Find 

( ) ( ).f x g x

 over the ring of integers where :

( )
( )

0 2 3

0 3 4

2 3 5 4

3 2 4 5

f x x x x x

g x x x x x

= + + −

= + − +

ç'u 5- ( )ℝ ℂ lfn'k lef"V D;ksa ugha gS tgk¡ 

ℝ

okLrfod la[;kvksa dk leqPp; gS

vkSj 

ℂ

 lfEeJ la[;kvksa dk leqPp; gSA

Why 

( )ℝ ℂ

 is not a vector space, where 

ℝ

 is the set of reals and 

ℂ

 is

the set of complex numbers.

ç'u 6- jSf[kdr% Lora= lfn'kksa dks ifjHkkf"kr dhft,A
Define linearly independent vectors.

ç'u 7- ,d Qyu 
3 1:T V V→

 ifjHkkf"kr gS%

( ) 2 2 2

1 2 31 2 3, ,T x x x x x x= + +

D;k 

T

 ,d jSf[kd #ikUrj.k gS\ Li"V dhft,A

Define a map 

3 1:T V V→

 by ( ) 2 2 2

1 2 31 2 3, ,T x x x x x x= + + . Is T a

linear transformation? Justify.

ç'u 8- ;fn 

( )U F

 vkSj 

( )V F

 nks lfn'k lef"V gS vkSj ;fn f, 

( )U F

 ls

( )V F

 esa lekdfjrk gS rks fuEufyf[kr esa ls dkSu lk dFku vlR; gS%

Let 

( )U F

 and 

( )V F

 be two vector spaces over field F and if  f  is

homomorphic mapping from 

( )U F

 into 

( )V F

, then which of the

following statement is false :

i)

( ) ( ) ( ) ,f f f Uα β α β α β+ = + ∀ ∈

ii)

( ) ( ) ,f a af U a Fα α α= ∀ ∈ ∈

P.T.O.

ç'u 3- ;fn 

S

 vkSj 

T

] lfn'k lef"V 

( )V F

 ds nks mileqPp; gks rks fl)

dhft, fd %

If S and T are two subsets of a vector space 

( )V F

, then prove that :

i)   

( ) ( )S T L S L T⊆ ⇒ ⊆

      ii)    ( ) ( ) ( )L SUT L S L T= +

OR

fl) dhft, fd lfn'k lef"V ( )V F  ds izR;sd jSf[kdr% Lora= mileqPp;

;k rks V ds vk/kkj dk Hkkx gS ;k mldk foLrkj dj mls V dk vk/kkj cuk;k
tk ldrk gSA
Prove that every linearly independent subset of a finitely generated vector

space 

( )V F

 forms a part of basis of V or can be extended to form a

basis of  V.

ç'u 4- ;fn ( )V F  vkSj ( )U F ] {ks= F  ij nks lfn'k lef"V gS ekuk fd:T V U→

 ,d 

V

 ls 

U

 ij duZy K ds lkFk jSf[kd #ikUrj.k gS rks

fl) dhft, fd 

V U
K

≅

-

Let 

( )V F

and 

( )U F

 be two vector spaces over the field F. Let

:T V U→

 be a linear transformation from V onto U with kernel

K, then prove that 

V U
K

≅

.

OR

fl) dhft, fd 

( ) ( ) ,rank T nulity T dinU+ =

 tgk¡ T  lfn'k lef"V

( )U F

ls 

( )V F

 esa ,d jSf[kd #ikUrj.k gksxk A

Prove that 

( ) ( ) ,rank T nulity T dinU+ =

 where T is a linear

transformation from a vector space ( )U F  into 

( )V F

.
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iii)

( )0 0,f =

tgk¡ nksukas 0 lef"V 

U

 ds 'kwU; lfn'k gSA

( )0 0,f =

 where both 0 are the zero vector of U -

iv)

( ) ( )f f Uα α α− = − ∀ ∈

ç'u 9- ;fn 

( )2V R

 lef"V esa 

( )1 1,a bα =

 vkSj ( )2 2,a bβ =  ds fy, tgk¡

( ) ( ) ( )1 1 1 2 1 2, ,a b a a b bα β = + + ⋅ + rks ( ) ( )23,4 V Rα = ∈ ds fy;s α
dk ukWeZ D;k gksxk\

In 

( )2V R

 for 

( )1 1,a bα =

 and ( )2 2,a bβ =  inner product is defined by

( ) ( ) ( )1 1 1 2 1 2, ,a b a a b bα β = + + ⋅ +  then what will be the norm of the

vector ( ) ( )23,4 V Rα = ∈ ?

ç'u 10-;fn lfn'k ( )1 1, 1, 1X =  rks ( )1 1,X X  dk eku D;k gksxk\

If vector 

( )1 1, 1, 1X =

 then what will be the value of ( )1 1,X X ?

Section - 'B'

fuEukafdr ç'uksa dks gy djsa %

Solve the following questions:  (3x5=15)

ç'u 1- ekuk fd 

G

 ,d ifjfer lewg gS rks 

a

 ds izlkekU;d dk 

G

 esa lwpdkad
gksxk %

Let G  be a finite group then prove that the index of the normalizer

of 

a

 in G will be :

( ) ( )( )0 / 0aC G N a=
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Section - 'C'

fuEukafdr ç'uksa dks gy djsa %

Solve the following questions:  (5x5=25)

ç'u 1- ekuk fd G  ,d ifjfer vkcsyh lewg gS vkSj 

p

 ,d foHkkT; la[;k gS] ;fn

( )0
p

G

 rks fl) djks fd vo;o 

a e G≠ ∈

 bl izdkj vo'; gksxk fd

p
a e=

-

Let G be a finite abelian group let p be a prime. If 

( )0
p

G

 then prove

that there is an element 

a e G≠ ∈

 such that 

pa e=

-
OR

ekuk fd 

G

 ,d ifjfer lewg gS vkSj 

p

 ,d vHkkT; la[;k gSA ;fn 

p,d vHkkT; la[;k gSA ;fn 
( )0

np
G

ijUrq ( )1
0

n
p G

+] rks fl)

dhft, fd 

G

 ds 

np

 dksfV ds nks milewg la;qXeh gSA

Let G be a finite Group and let p be a prime. If 

( )0

np
G

 but

( )1
0

n
p G

+

, then prove that any two subgroups of G of order 

np

are

conjugate.

ç'u 2- fl) dhft, fd bdkbZ lfgr Øefouhes;h oy; ,d {ks= gksxk ;fn mldh
dksbZ Hkh mfpr xq.ktkoyh ugha gSA
Prove that a commutative ring with unity is a field if it has no proper

ideals.

OR

fuEufyf[kr cgqinks dk egÙk; loZ Hkktd Kkr dhft,%
Find the greatest common divisor of the following polynomials :

( )
( )

3 2

3 2

3 2 6

4 4 3

f x x x x

g x x x x

= − + −

= − + −
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OR

la;qXeh laca/k dks ifjHkkf"kr dhft, vkSj fl) dhft, fd la;qXerk dk
laca/k lewg G ij rqY;rk laca/k gSA
Define conjugacy relation and prove that conjugacy is an equivalence

relation on a group G.

ç'u 2- fl) djks fd Qyu 

:f C C→

 tks fd 

( )f x iy x iy+ = −

 ls ifjHkkf"kr

gS] tc 

,x y R∈

,d lfEeJ la[;kvksa dh oy; ij rqY;kdkfjrk gSA

Prove that a mapping 

:f C C→

 given by 

( )f x iy x iy+ = −

 when

,x y R∈

, is an isomorphism of the ring of complex numbers onto itself.

OR

;fn 

: '
onto

f R R→

 ,d rqY;kdkfjrk gS vkSj R  'kwU; Hkktd jfgr

oy; gS rks fl) dhft, fd 
'R

 Hkh 'kwU; Hkktd jfgr oy; gksxhA

If : 'onto
f R R→ is an isomorphism and R is a ring without

zero divisor then prove that 'R  is also a ring without zero divisor.

ç'u 3- fl) djks fd lfn'k lef"V 

( )V F

 ds nks milef"V;ksa dk loZfu"B Hkh

( )V F

 dk ,d milef"V gksxkA

Prove that the intersection of any two subspaces of vector space 

( )V F

is also a subspace of 

( )V F

.

OR

fl) djk s  fd 

( )3V R

 d s pkj lfn'k 

( )1 1, 2, 3 ,α =

( ) ( )2 31, 0, 0 , 0, 1, 0α α= =  vkSj ( )4 0, 0, 1α =  ,d jSf[kdr% ijra=

leqPp; cukrs gSA

Prove that the four vectors ( )1 1, 2, 3 ,α =  ( ) ( )2 31, 0, 0 , 0, 1, 0α α= =

and ( )4 0, 0, 1α =  in ( )3V R  form a linearly dependent set.
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ç'u 4- n'kkZb, fd Qyu 

( ) ( )3 2:T V R V R→

 tgk¡ ( ) ( ), , ,T a b c c a b= + gS]

,d jSf[kd #ikUrj.k gSA

Show that the mapping 

( ) ( )3 2:T V R V R→

 defined by

( ) ( ), , ,T a b c c a b= +  is a linear transformation.

OR

j S f[ kd i z fr fp=.k 

3 2;T R R→

 tk s

( ) ( ), , 2 4 9 , 5 3 2T x y z x y z x y z= − + + −  ls ifjHkkf"kr gS 3R  vkSj 

2R

ds ekud vk/kkj ds lkis{k vkO;wg Kkr dhft,A

Find the matrix of the linear map 

3 2;T R R→

 defined by

( ) ( ), , 2 4 9 , 5 3 2T x y z x y z x y z= − + + −  with respect to the standard

basis of 3R  and 

2R
.

ç'u 5- fl) djks fd 

( )2 ,V R

 tgk¡ 

( ) ( ) ( )1 2 1 2 2, , ,a a b b V Rα β= = ∈

 ,d

vkUrj xq.ku lef"V gS tgk¡ vkUrj xq.ku fuEu izdkj ls ifjHkkf"kr gS%

( ) 1 1 2 2, 3 2a b a bα β = +

Prove that ( )2 ,V R  with 

( ) ( ) ( )1 2 1 2 2, , ,a a b b V Rα β= = ∈

 , is an inner

product space where inner product is defined as follows:

( ) 1 1 2 2, 3 2a b a bα β = +

OR

fl) djks fd vkUrfjd xq.ku lef"V V  esa v'kwU; lfn'kksa dk ykfEcd
leqPp; jSf[kdr% Lora= gksrk gSA

Prove that any orthogonal set of non-zero vectors in a inner product

space V is linearly independent.
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